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Abstract
We review the notions of symplectic and orthogonal vector bundles
over curves, and the connection between principal parts and extensions
of vector bundles. We give a criterion for a certain extension of rank
2n to be symplectic or orthogonal. We then describe almost all of its
rank n vector subbundles using graphs of sheaf homomorphisms, and
give criteria for the isotropy of these subbundles.
1 Introduction
Throughout this paper, X is a complex projective smooth curve of
genus g, with structure sheaf OX and function field K(X).
1.1 Symplectic and orthogonal vector bundles
Definition: LetK be a field andM and P vector spaces of dimensions
m and 1 over K respectively. Let α : M → Hom(M,P ) be a K–linear
map. Then the transpose of α is the unique linear map tα : M →
Hom(M,P ) satisfying
(α(m1)) (m2) =
(
tα(m2)
)
(m1)
for all m1,m2 ∈ M . If A is the matrix of α with respect to some
choice of bases, the matrix of tα is just tA. The following proposition
shows that this also makes sense for vector bundles.
Proposition 1 Let E → X be a vector bundle, L→ X a line bundle
and α : E → Hom(E,L) a vector bundle map over an open set U ⊆ X.
Then the transpose of α is a well–defined map E → Hom(E,L).
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Proof
Suppose the bundles E and L have transition functions {ei,j} and
{li,j} respectively relative to an open cover {Ui : i ∈ J} of X. Then
α is given by a cochain {αi} of n× n matrices which satisfy
αiei,j =
(
te−1i,j li,j
)
αj (1)
over U ∩ Ui ∩ Uj . If
tα exists then it should be given by the cocycle
{tαi}, by the discussion before this proposition. Taking the transpose
of (1), we have
tei,j
(
tαi
)
= tαj li,je
−1
i,j ,
equivalently
tαiei,j =
(
te−1i,j li,j
)
tαj
since the li,j commute with the other transition functions. This shows
that {tαi} does indeed define a map E → Hom(E,L) over U . 
By this proposition, it makes sense to speak of symmetric and an-
tisymmetric homomorphisms E → Hom(E,L). We denote these by
Sym(E,Hom(E,L)) and
∧
(E,Hom(E,L)) respectively.
Similar statements hold for maps Hom(E,L)→ E.
Definition: A vector bundle W → X is symplectic (resp., orthog-
onal) if there exists a bilinear nondegenerate antisymmetric (resp.,
symmetric) form θ on W ×W with values in a line bundle L.
Two immediate consequences of the nondegeneracy of θ are:
• There is an antisymmetric or symmetric isomorphism
W
∼
−→ Hom(W,L)
given by w 7→ θ(w, ·). In particular, (detW )2 = LrkW .
• W is symplectic only if it has even rank, since skew–symmetric
matrices have even rank.
We shall henceforth restrict ourselves to the case where rkW = 2n,
even if W is orthogonal.
A subbundle of W is isotropic if θ restricts to zero on it. For any
subbundle E ⊆W , we have the short exact vector bundle sequence
0→ E⊥ →W → Hom(E,L)→ 0
where the surjection is the map w 7→ θ(w, ·)|E and
E⊥ = {w ∈W : θ(w,E) = 0}
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is the orthogonal complement of E with respect to θ. Clearly E is
isotropic if and only if E ⊆ E⊥; this shows that the rank of an isotropic
subbundle is at most n = 12 rkW . An isotropic subbundle of rank n
is called a Lagrangian subbundle.
1.2 Principal parts and extensions
For vector bundles E and F over X, it is well known that an extension
0→ E →W → F → 0 (2)
is determined up to isomorphism of extensions by its cohomology class
δ(W ) ∈ H1(X,Hom(F,E)). This class can be realised explicitly as
follows. There exist trivialisations of W over some open cover {Ui}
of X whose transition function over the intersection Ui ∩ Uj is of the
form (
ei,j δi,j
0 fi,j
)
where ei,j and fi,j are transition functions for E and F respectively.
Then δ(W ) is the class determined by the Hom(F,E)–valued 1–cocycle
{δi,j}.
We give another description of δ(W ) following Kempf [5]. (Here the
results are given for extensions of invertible sheaves, but the arguments
are readily adapted to the case of arbitrary rank.) Firstly, we fix some
notation. We denote the sheaf of regular sections of a vector bundle
W , E, L etc. by the corresponding script letter W, E , L etc. A vector
bundle E → X gives rise to an exact sequence of OX–modules
0→ E → Rat(E)→ Prin(E)→ 0
where Rat(E) is the sheaf of rational sections of E and Prin(E) the
sheaf of principal parts with values in E. We denote their groups
of global sections by Rat(E) and Prin(E) respectively. The sheaves
Rat(E) and Prin(E) are flasque, so we have the cohomology sequence
0→ H0(X,E)→ Rat(E)→ Prin(E)→ H1(X,E)→ 0. (3)
We denote s the principal part of s ∈ Rat(E), and we write [p] for the
class in H1(X,E) of p ∈ Prin(E).
Now given an extension of the form (2), it can be shown (see for
example [4], Lemma 3.1) that there exists a unique principal part
p ∈ Prin(Hom(F,E)) such that the sheaf of sections W is of the form
Wp := {(e, f) ∈ Rat(E)⊕ Rat(F ) : f is regular and e = p(f)} .
3
Following Kempf [5], Chap. 6, one proves as for the case where E
and F are invertible that two principal parts define isomorphic ex-
tensions if and only if they differ by the principal part α of some
α ∈ Rat(Hom(F,E)), and that the cohomology class δ(W ) is just [p].
In the following sections, we give a criterion for a certain extension
of vector bundles to be symplectic or orthogonal. We then generalise
a result from Mukai [7] to describe almost all rank n subbundles of
such an extension, and give criteria for the isotropy of these subbun-
dles. We conclude by sketching how these results are applicable to
the study of moduli spaces of symplectic or orthogonal vector bundles
over curves.
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2 Symplectic and orthogonal extensions
Let W → X be a symplectic or orthogonal vector bundle of rank 2n
and let E ⊂W be a Lagrangian subbundle. Then W is an extension
0→ E →W → Hom(E,L)→ 0. (δ(W ))
Conversely, it is natural to ask for which extension classes δ(W )
this sequence is induced by a bilinear antisymmetric or symmetric
form. We have
Criterion 2 An extension 0 → E → W → Hom(E,L) → 0 has
a symplectic (resp., orthogonal) structure with respect to which E is
isotropic if and only ifW is isomorphic as a vector bundle to an exten-
sion whose cohomology class belongs to H1(X,Sym(Hom(E,L), E))
(resp., H1(X,
∧
(Hom(E,L), E))).
Proof
We prove the criterion for the symplectic case; the orthogonal case is
practically identical.
⇐: Firstly, suppose δ(W ) is actually symmetric. By the discussion
in § 1.2, there exists p ∈ Prin(Hom(Hom(E,L), E)) such that the sheaf
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W is equal to{
(f, φ) ∈ Rat(E)⊕ Rat(Hom(E,L)) : φ is regular and f = p(φ)
}
.
(4)
To say that δ(W ) = [p] is symmetric is to say that
tp− p = α
for some α ∈ Rat(Hom(Hom(E,L), E)). Clearly α is antisymmet-
ric; replacing α by α−
tα
2 if necessary, we can assume that α itself is
antisymmetric.
Now we define a Rat(L)–valued bilinear antisymmetric form
θ : (Rat(E) ⊕ Rat(Hom(E,L)))×2 → Rat(L)
by setting
θ ((e1, φ1), (e2, φ2)) = φ1(e2)− φ2(e1)− φ2 (α(φ1)) .
By the description in (4), for any (e1, φ1), (e2, φ2) ∈ Wp, the principal
part
θ ((e1, φ1), (e2, φ2)) = φ1(p(φ2))− φ2(p(φ1))− φ2 (α(φ1))
= φ2((
tp− p− α)(φ1))
= 0
since tp−p = α. Hence θ is regular onW×W. It is clearly OX–bilinear
and nondegenerate, and E is isotropic. Thus θ induces a global regular
symplectic form θ : W ×W → L with the required properties.
For the general case, we note that this form pulls back to give the
required symplectic structure to any vector bundle isomorphic to W ,
which need not be isomorphic as an extension.
⇒: Choose transition functions {ei,j} and {li,j} for E and L re-
spectively over an open cover {Ui : i ∈ J} of X. Then the transition
functions of Hom(E,L) are {te−1i,j li,j} and there exist trivialisations for
W over {Ui} whose transition functions are of the form
{wi,j} =
{(
ei,j δi,j
0 te−1i,j li,j
)}
;
the cohomology class of the cocycle {δi,j} is δ(W ).
The symplectic form is given with respect to {Ui} by a cochain
{Θi} of antisymmetric matrices which satisfy
(l−1i,j )
twi,jΘiwi,j = Θj (5)
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on the intersection Ui ∩ Uj for all i, j ∈ J , since the symplectic form
defines a homomorphism W → Hom(W,L). We can write
Θi =
(
Ai Bi
−tBi Ci
)
where {Ai}, {Bi} and {Ci} are Mn,n(C)–valued cochains and all the
Ai and Ci are antisymmetric. Firstly, we see that every Ai ≡ 0 because
E ⊂W is isotropic.
Expanding condition (5), we see that
Bi
(
te−1i,j
)
=
(
te−1i,j
)
Bj ,
so {Bi} defines an endomorphism of E
∗ and also of Hom(E,L). Since
all the Ai are zero but the form is nondegenerate, this must be an
automorphism. Also by (5), we have
tδi,jBi
(
te−1i,j
)
− e−1i,j
(
tBi
)
δi,j = Cj − e
−1
i,j Ci
(
te−1i,j li,j
)
, (6)
whence we see that the difference between the cocycle {tBiδi,j} and
its transpose is cohomologically trivial. Hence the cohomology class
defined by {tBiδi,j} belongs to H
1(X,Sym(Hom(E,L), E)). This be-
longs to the same orbit as δ(W ) under the action of AutE on the
extension space H1 (X,Hom(Hom(E,L), E)), so defines an extension
isomorphic to W as a vector bundle. 
Caution: Strictly, in order to obtain cocycles which map between
the correct spaces in (6), we should replace tδi,jBi(
te−1i,j ) with
l−1i,j (
tδi,j)Bi(
te−1i,j li,j),
but this does not change the value. In any case, by Prop. 1 the
transpose of {e−1i,j (
tBi)δi,j} is indeed defined by the transposed co-
cycle {tδi,jBi(
te−1i,j )}.
Remark: If E is simple (for example, if E is stable) then the co-
cycle {δi,j} will itself be symmetric because {Bi} defines a nonzero
homothety.
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3 Vector subbundles and graphs
Firstly, we recall some linear algebra. Let K be a field and suppose
M , N and P are vector spaces over K of dimensions m, n and 1
respectively. If N = Hom(M,P ) and
α : Hom(M,P )→M
is an antisymmetric map then then we can define a P–valued bilinear
nondegenerate antisymmetric form
θ : (M ⊕Hom(M,P ))×2 → P
by
θ ((m1, ψ1), (m2, ψ2)) = ψ1(m2)− ψ2(m1)− ψ2 (α(ψ1))
The following is a slight generalisation of Mukai [7], Example 1.5.
Lemma 3 (i) There is a bijection between HomK(N,M) and the
set of n–dimensional K–vector subspaces of M ⊕N intersecting
M in zero, given by associating to a map β its graph Γβ.
(ii) The kernel of β is canonically isomorphic to Γβ ∩ ({0} ⊕N).
(iii) If N = Hom(M,P ) then Γβ is isotropic with respect to θ if and
only tβ − β = α.
Proof
This is straightforward to check. 
Now let E and F be vector bundles of rank m and n respectively
over X. Consider an extension 0 → E → W → F → 0 with sheaf of
sections Wp and class δ(W ) = [p] ∈ H
1(X,Hom(F,E)). We want to
study vector subbundles G ⊂ W of rank n whose projection to F is
generically surjective.
Notation: Let Λ be a vector space over K(X). By analogy with
Hartshorne [3], p. 69, we write Λ for the constant sheaf on X associ-
ated to Λ.
Now Rat(E) and Rat(F ) are vector spaces of dimensions m and n
respectively over K(X), the field of rational functions on X. The fol-
lowing theorem, globalising Lemma 3, is a generalisation of Mukai [7],
Example 1.7, to the case where W may be a nontrivial extension.
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Theorem 4 (i) There is a bijection
HomK(X)(Rat(F ),Rat(E))↔


rank n vector subbundles
G ⊂W with G|x ∩ E|x = 0
for generic x ∈ X


given by β ↔ Γβ ∩Wp =: Gβ. Moreover, Gβ is isomorphic to the
kernel of the map (
p− β
)
: F → Prin(E).
(ii) Let β˜ denote the restriction of β to Ker(p − β) ⊆ F . Then
Ker(β˜) ∼= (Γβ ∩Wp) ∩ ({0} ⊕ F) (although we will not use this
result).
(iii) Suppose F = Hom(E,L) and tp− p = α for some
α ∈ Rat
(∧
(Hom(E,L), E)
)
,
so W carries the symplectic form θ defined in the proof of Cri-
terion 2. Then Gβ is isotropic with respect to θ if and only if
tβ − β = α.
Proof
(i) Let G ⊂ W be a vector subbundle of rank n intersecting E in
zero except at a finite number of points. Then Rat(G) is a K(X)–
vector subspace of Rat(W ) = Rat(E)⊕Rat(F ) of dimension m which
intersects Rat(E) in zero. By Lemma 3 and the remarks just before
this theorem, Rat(G) is the graph Γβ of some uniquely determined
β ∈ HomK(X) (Rat(F ),Rat(E)) .
Furthermore, G = Γβ ∩ Wp since a regular section of G is the same
thing as a rational section of G which is a regular section of W .
Conversely, we claim that the the association
β 7→ Γβ ∩Wp =: Gβ
defines a subsheaf of Wp which in fact corresponds to a vector sub-
bundle Gβ ⊂ W with the required properties. By the definitions of
Γβ and Wp, we have
Gβ =
{
(β(f), f) ∈ Rat(E) ⊕F : p(f) = β(f)
}
.
This is clearly isomorphic to the kernel of the map
(p− β) : F → Prin(E)
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via the projection of Gβ onto its image in F . (The inverse map is
f 7→ (β(f), f).) But since any principal part is supported at a finite
number of points, (Gβ)x ∼= Fx for all but finitely many x ∈ X. Hence
Gβ has rank n and projects surjectively to F at all but a finite number
of points of X.
We now check that the inclusion Gβ →֒ Wp actually corresponds to
a vector bundle injection Gβ →֒ W . We have a short exact sequence
of OX–modules
0→ Gβ →Wp → Q→ 0
where Q is coherent. Let G′ denote the inverse image in Wp of the
torsion subsheaf of Q. Clearly G′ contains Gβ . Now G
′ corresponds to
an injection of vector bundles G′ →֒ W by Atiyah [1], Prop. 1, since
by construction Wp/G
′ is locally free. But in fact Rat(G′) = Γβ; this
is because G′ is contained in Gβ(D) for some divisor D on X, so they
have the same sheaf of rational sections. Hence G′ ⊆ Γβ ∩Wp = Gβ,
so Gβ = G
′ corresponds to a vector subbundle Gβ ⊂W .
It is not hard to check that these constructions are mutually in-
verse, so we have a bijection.
(ii) Suppose g ∈ Ker(p− β). Then β˜(g) = 0 if and only if
(β(g), g) ∈ (Γβ ∩Wp) ∩ ({0} ⊕ F).
(iii) The symplectic form on W is induced by the restriction of the
form defined earlier
θ : Rat (E ⊕Hom(E,L))×2 → Rat(L)
to Wp × Wp, so the criterion for isotropy follows from part (iii) of
Lemma 3. 
We make an observation:
Lemma 5 The K(X)–linear map β is everywhere regular on Gβ .
Proof
If the supports of p and β are disjoint, then this is clear. Suppose the
supports coincide at a point x ∈ X. Then the maps
px, βx and (p− β)x ∈ HomOX,x((Gβ)x,Prin(Eβ)x)
are given locally by matrices of rational functions on a neighbourhood
of x. Since X is of dimension 1, we can assume that the numerators
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and denominators of each of these functions are relatively prime, and
then in fact the denominators determine the maps.
The key point is that by the identity
a
f
−
b
h
=
ah− bf
fh
,
the denominators of the entries of the matrix (p − β)x are at worst
the products of the corresponding entries of px and βx. Since Gβ
∼=
Ker(p−β), the value (p−β)x(g) is regular for any g ∈ (Gβ)x. But for
regular functions a, f and h, if a
fh
is regular then so is a
h
. Hence β
itself is regular on (Gβ)x. 
Now we examine a useful special case.
Corollary 6 Suppose that h0(X,Hom(F,E)) = 0. Then principal
parts defining the cohomology class δ(W ) = [p] are in bijection with
elementary transformations of F lifting to rank n subbundles of W
via q ↔ Ker (q : F → Prin(E)).
Proof
If δ(W ) is defined by q ∈ Prin(Hom(F,E)) then by (3) we have
q = p − β for some global rational section β of Hom(F,E), which
is uniquely determined by hypothesis. Then Ker(q) ⊆ F lifts to the
rank n subsheaf Γβ ∩ Wp of Wp by the map f 7→ (β(f), f). By the
proof of Thm. 4 (i) this corresponds to a vector subbundle.
Conversely, suppose G ⊂ W is a rank n vector subbundle lifting
from F . By the proof of Thm. 4 (i), the sheaf of sections of G is
isomorphic to Ker(p − β) for some β ∈ Rat(Hom(F,E)). But by (3)
we have [p− β] = [p] = δ(W ).
It is easy to see that these constructions are mutually inverse. 
Another criterion for isotropy
We give a refinement of Theorem 4 (iii) for this case. Let E and
L be vector bundles of ranks n and 1 respectively over X such that
Hom(Hom(E,L), E) has no global sections. Let
0→ E →W → Hom(E,L)→ 0
be a symplectic extension with sheaf of sections Wp where as before
tp − p = α. Let G ⊂ W be a subbundle of rank n which intersects
E generically in rank 0; by Cor. 6, the sheaf G = Ker(q) for some
q ∈ Prin(Hom(Hom(E,L), E)) such that δ(W ) = [q].
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Criterion 7 The subbundle G ⊂ W is isotropic if and only if q is a
symmetric principal part (note that this is a stronger condition than
that the cohomology class defined by q be symmetric).
Proof
By Cor. 6 (i) we have G = Γβ ∩Wp for some
β ∈ Rat(Hom(Hom(E,L), E))
which, by hypothesis, is determined by the condition q = p− β.
We claim that tβ−β = α if and only if tβ − β = α. One direction is
clear. Conversely, suppose tβ − β = α. By (3), the difference tβ−β−α
is a global regular section of Hom(Hom(E,L), E). But this is zero by
hypothesis, so tβ − β = α.
Thus by Theorem 4 (iii), the subbundle G is isotropic if and only
if tβ − β = α. Now tp− p = α, so
tq − q = t(p− β)− (p− β) = α−
(
tβ − β
)
.
Hence G is isotropic if and only if q is a symmetric principal part. 
The orthogonal case
There are obvious analogues to these results for the orthogonal case
which are proven identically. In Lemma 3 (iii), we consider a sym-
metric map α : Hom(E,L) → E and work with the standard bilinear
nondegenerate symmetric form θ given by
θ ((v1, φ1), (v2, φ2)) = φ1(v2) + φ2(v1)− φ2 (α(φ1))
and require tβ+β = α. In Theorem 4 (iii), we consider an orthogonal
extension Wp where
tp + p = α and the condition of the criterion is
that tβ + β = α. With this setup, we get an orthogonal version of
Criterion 7: the sheaf G is isotropic if and only if q is an antisymmetric
principal part.
4 Applications
4.1 Bundles of rank 2
As an example, we show how these results apply to the well–known
case where n = 1.
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Firstly, let W → X be of rank 2 and trivial determinant. Then
any line subbundle E ⊂W gives a short exact sequence
0→ E →W → E∗ → 0
and Criterion 2 gives another proof of the well–known fact that ev-
ery such W is symplectic, since in this case Sym2E = Hom(E∗, E).
Furthermore, Theorem 4 (iii) then gives another proof that every line
subbundle of W is isotropic.
On the other hand, suppose W is an orthogonal vector bundle of
rank 2 and let E ⊂ W be an isotropic line subbundle. Then W ∼=
E ⊕ E−1L by Criterion 2 since
∧2E = 0.
4.2 Covers of moduli spaces
LetMX(SpnC) denote the moduli space of semistable principal SpnC–
bundles over X. This is an irreducible projective variety of dimension
n(2n + 1)(g − 1); see Ramanathan [10], [11] for results on moduli of
principal G–bundles over curves. MX(SpnC) is naturally a moduli
space for semistable vector bundles of rank 2n which carry an OX–
valued symplectic form (see [4] for details). Following Narasimhan
and Ramanan [8], one might try to construct a generically finite cover
of MX(SpnC) by the classifying map from the union of the extension
spaces
PH1(X,Sym2E)
as E varies over some collection of rank n vector bundles over X. By
Criterion 2, determining the fibre over a bundleW in the image of such
a classifying map involves asking for certain Lagrangian subbundles
of W . If n ≥ 2 then not every rank n subbundle need be Lagrangian,
and Criterion 7 may be of use in distinguishing those that are.
In a forthcoming paper (and see [4], Chaps. 4 & 5), we shall use
this technique to construct a cover ofMX(Sp2C) whenX has genus 2.
Remark: The hypothesis h0(X,Hom(F,E)) = 0 of Cor. 6 is a natu-
ral one if we want to build stable bundles. Firstly, if degE ≥ degF
then no extension
0→ E →W → F → 0
can be stable. If the converse is true and furthermore E and F are
themselves stable then indeed h0(X,Hom(F,E)) = 0.
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